In the present contribution we characterize law determined convex risk measures that have convex level sets at the level of distributions. By relaxing the assumptions in Weber (2006), we show that these risk measures can be identified with a class of generalized shortfall risk measures. As a direct consequence, we are able to extend the results in Ziegel (2014) and Bellini and Bignozzi (2014) on convex elicitable risk measures and confirm that expectiles are the only elicitable coherent risk measures. Further, we provide a simple characterization of robustness for convex risk measures in terms of a weak notion of mixture continuity.
Introduction
The main goal of this paper is to investigate and characterize risk measures that have "convex level sets at the level of distributions" (CxLS), in the sense that ρ(F ) = ρ(G) = γ ⇒ ρ(λF + (1 − λ)G) = γ, for each λ ∈ (0, 1), where F and G are probability distributions. The financial interpretation of this property is that any mixture of two equally risky positions remains with the same risk. In the axiomatic theory of risk measures, it is costumary to impose convexity or quasiconvexity requirements with respect to the pointwise sum of the risks, viewed as random variables on a common state space Ω, in order to model an incentive to diversification. On the contrary, the CxLS property arises naturally as a necessary condition for elicitability, that is defined as the property of being the minimizer of a suitable expected loss. More formally, we say that a law determined risk measure ρ is elicitable if there exists a scoring function S : R 2 → R such that ρ(F ) = arg min x S(x, y) dF (y).
It has been suggested by several authors that elicitability is a relevant requirement in connection with backtesting and with the comparison of the accuracy of different forecasts of a risk measure. We refer the interested reader to Gneiting (2011 ), Ziegel (2014 , Bellini and Bignozzi (2014) , Embrechts et al. (2014) , Davis (2013) and the references therein. In Decision Theory, the CxLS property is usually known as Betweenness; it is one of the possible relaxations of the independence axiom of the Von Neumann-Morgenstern theory (see for example Dekel, 1986; Chew, 1989 ). In the seminal paper of Weber (2006) , the author proved that, under additional conditions that we discuss in detail in Section 3, a monetary risk measure with upper and lower convex level sets at the level of distributions belongs to the class of shortfall risk measures introduced by Föllmer and Schied (2002) as follows:
for a suitable nondecreasing and nonconstant loss function ℓ : R → R.
In comparison with Weber's theorem, we limit ourselves to the more restricted case of convex risk measures. On the contrary, we relax Weber's additional conditions in order to completely characterize convex law determined risk measures with the CxLS property. We see in Theorem 3.8 that such risk measures correspond to generalized shortfalls, in which the loss function can also assume the value +∞. As a consequence, we confirm the result of Ziegel (2014) (see also ?), and show that the only elicitable coherent law determined risk measures are expectiles, that can be defined as the shortfall risk measures associated to the loss function
for α ≥ 1 2 . For more information on expectiles we refer to Newey and Powell (1987) , Delbaen (2013) , . As a byproduct of our analysis, we provide a simple characterization of robustness for convex risk measures. After the works of Krätschmer et al. (2014) , Stahl et al. (2012) and others, the notion of robustness for a law determined risk measure is usually identified with its continuity with respect to ψ-weak convergence, defined by
where ψ : R → [0, +∞) is a continuous gauge function satisfying ψ ≥ 1 outside some compact set and lim x→∞ ψ(x) = +∞. We show in Proposition 2.5 that, for a convex law determined risk measure ρ, robustness is equivalent to a weak form of mixture continuity:
It is well known that in the literature on risk measures several systems of notations and sign conventions are coexisting. For ease of reference, in this paper we will follow Delbaen (2012) , so the notion of a convex risk measure will be replaced by that of a concave utility function. The paper is structured as follows: In Section 2 we discuss robustness issues, while in Section 3 we provide the characterization of concave, law determined utilities with CxLS. Auxiliary results are moved to the Appendix.
2 Continuity properties of law determined concave monetary utility functions
Notations and preliminaries
In this subsection, we set our notation and review basic properties of concave utility functions. All results that are quoted without reference can be found in Delbaen (2012) . Let (Ω, F , P) be an atomless probability space. This is not a very big restriction as it simply means that on Ω we can define a random variable with a continuous distribution function. Several statements are only valid for atomless spaces so we will use this as a standing assumption and will not repeat it. A utility function is any function u :
; it is monetary, if u is translation invariant, monotone and satisfies u(0) = 0. The properties of a monetary utility function can be recovered by means of its acceptance set
in particular, u is concave if and only if the acceptance set A is convex. A utility function u is law determined (or law invariant) if
A law determined utility can be seen as a function on M 1,c (R), the set of probability measures on R with compact support. The monotonicity property implies that for each F, G ∈ M 1,c (R)
where ≤ st denotes the usual stochastic order, also known as first order stochastic dominance; if u is concave then also
where ≤ cv is the concave order, also known as second order stochastic dominance (see for example Bäuerle and Müller, 2006; Cherny and Grigoriev, 2007) . The set of distributions of acceptable positions will be denoted by
Clearly, since ψ-weak convergence implies weak convergence, it follows that weak continuity implies ψ-weak continuity and that a weakly closed set is ψ-weakly closed for each gauge function ψ. A utility function u : L ∞ → R has the Fatou property if for each ξ n ∈ L ∞ , with sup n ξ n ∞ < +∞, it holds that
(1) ?Fatou?
A monetary concave utility function u : L ∞ → R with the Fatou property has the following dual representation: where P = {Q | Q ≪ P} is the set of probability measures that are absolutely continuous with respect to P and the penalty function c : P → [0, +∞] is convex and lower semicontinuous. We will often identify P with a subset of L 1 + via the Radon-Nikodym derivative dQ/ dP. If the monetary concave utility function u is law determined, then u(ξ) ≤ E P [ξ] (see Lemma 4.2 in the Appendix), which implies that c(P) = 0.
The following Kusuoka representation holds ((Kusuoka, 2001) ): 
where q x denotes a quantile function at level x and u 0 (ξ) = ess inf(ξ). We say that a monetary concave utility u has the weak compactness (WC) property if the penalty function c : P → [0, +∞] in the dual representation (2) has lower level sets S m := {Q ∈ P | c(Q) ≤ m} that are compact in the weak topology σ(L 1 , L ∞ ). The WC property is equivalent to the so called Lebesgue property:
which is a stronger continuity requirement than the Fatou property. If u is law determined, then the WC property is equivalent to the following property of the penalty function c in the Kusuoka representation:
In the coherent case the dual representation becomes
where S ⊂ P is a convex set of probability measures, closed in the σ(L 1 , L ∞ ) topology. The WC property is equivalent to the compactness of S in the σ(L 1 , L ∞ ) topology, that by the Dunford-Pettis theorem is equivalent to the uniform integrability of S.
Uniform integrability is characterized by de la Vallée-Poussin's criterion: S is uniformly integrable if and only if there exists a function Φ :
In the law determined case, the Kusuoka representation becomes
A Young function is necessarily nondecreasing, continuous and strictly increasing on {Φ > 0}. The Orlicz space L Φ is defined as
the Orlicz heart is
The Luxemburg norm is defined as
and makes both L Φ and H Φ Banach spaces. Finally, we say that Φ satisfies a ∆ 2 condition if Φ(2x) ≤ kΦ(x), for some k > 0 and for x ≥ x 0 ; in this case H Φ =L Φ . For Orlicz space theory and applications to risk measures we refer to Rao and Ren (1991) , Edgar and Sucheston (1992), Cheridito and Li (2008) , Cheridito and Li (2009) and the references therein.
Mixture continuity properties
In this subsection we study mixture continuity properties of law determined concave monetary utilities. We say that a utility u is mixture continuous if for each F, G ∈ M 1,c , the function
is continuous on [0, 1]. The next proposition shows that in the case F = δ x and G = δ y with x < y, continuity for λ ∈ (0, 1] is always satisfied.
Proposition 2.1. Let u : L ∞ → R be a concave law determined monetary utility, and let x, y ∈ R, with x < y. Then the mapping
is continuous at each λ ∈ (0, 1].
Proof. The TVaR at level α of the dyadic variables under consideration is given by
and is a piecewise linear, non-increasing and convex function of λ. It follows that for each ν ∈ M 1 [0, 1], the function
is also non-increasing and convex with g ν (0) = y and g ν (1) = x. By the Kusuoka representation (3), we have
and by monotonicity, the function u(λδ x + (1 − λ)δ y ) is left continuous on (0, 1] (at least for x < y). Then Lemma 4.3 implies that u(λδ x + (1 − λ)δ y ) is continuous in λ for λ ∈ (0, 1). Finally, (1) gives
so from monotonicity it follows that
The simplest example in which mixture continuity for λ → 0 + fails is the coherent utility u(ξ) = ess inf(ξ). There are also many other examples, such as u(ξ) = γE[ξ] + (1 − γ) ess inf(ξ), for γ ∈ (0, 1). In fact, we prove in Proposition 2.5 that for a law determined monetary concave utility the property of mixture continuity for λ → 0 + is equivalent to the WC property. We begin with a characterization of the essential infimum.
Lemma 2.2. Let u : L ∞ → R be a concave law determined monetary utility. If there exists a > 0 and k n ↑ 0 such that ∀α ∈ (0, 1) we have that
Proof. We first show that for each k n and for all B ∈ F with P(B) > 0 there exists a Q ∈ P with
(5) ?eq:cBc?
and from the dual representation, there exists Q ∈ P such that
For any ξ ∈ L ∞ , ξ ≥ 0, and β > 0, let
Clearly, P(B) > 0. Taking Q as in (5), we have that
Since this inequality holds for each β > 0, letting k n ↑ 0 it follows that u(ξ) = ess inf(ξ).
Lemma 2.3. Let u : L ∞ → R be a concave law determined monetary utility. If there exists a > 0, k n → −∞ and α n ∈ (0, 1) such that
then u has the WC property.
Proof. We show that
Letting k n → −∞, we find that the set S m is uniformly absolutely continuous with respect to P and hence uniformly integrable.
The preceding Lemmas show that there are three possible situations. Let k < 0 and a > 0. For the sake of brevity, say that condition C holds for Proof. a) If u(ξ) = ess inf(ξ), then clearly condition C never holds. The reverse implication is a straightforward consequence of Lemma 2.2. b) If u(ξ) has the WC property, then the function
is continuous also for λ → 0 + , as a consequence of the Lebesgue property. Indeed, for any sequence λ n → 0 + , let ξ n ∼ λ n δ x + (1 − λ n )δ y , ξ = y P-a.s. and ξ n P → ξ, with sup n ξ n ∞ ≤ |y|, so from (4) we get
Since u(k) = k < 0 and u(a) = a > 0, there exists α ∈ (0, 1) such that u(α δ k + (1 − α)δ a ) = 0; hence condition C holds for every (k, a). The reverse implication is a consequence of Lemma 2.3. c) follows immediately from a) and b).
Remark. It is interesting the comparison with condition (3.1) in Weber (2006) . In our notation, Weber's requirement is that there exists a 0 > 0 such that for each k < 0, condition C holds for (k, a 0 ). For concave law determined monetary utilities, Weber's condition (3.1) is satisfied if and only if u(ξ) has the WC property. The if part follows from Proposition 2.4 item b), while the only if part follows from Lemma 2.3. In Proposition 2.1 we showed that any concave law determined monetary utility is mixture continuous on dyadic variables for λ ∈ (0, 1]. From the trichotomy of Proposition 2.4 it follows that the additional continuity for λ → 0 + is equivalent to the WC property and to the ψ-weak continuity, for some gauge function ψ.
Proposition 2.5. Let u : L ∞ → R be a concave law determined monetary utility. The following are equivalent:
Proof. First we show that a) ⇒ b). Let us first consider the case in which u is coherent. Then, from the WC property it follows that the set of generalized scenarios S in the dual representation
is compact in the σ(L 1 , L ∞ ) topology, and hence uniformly integrable. By the de la Vallée-Poussin's criterion, there exists a Young function Φ with
Denoting with Ψ the convex conjugate of Φ, from the results of Cheridito and Li (2008) and Cheridito and Li (2009) it follows that the coherent utility u is finite-valued on the Orlicz heart H Ψ . If Ψ satisfies the ∆ 2 condition, then from the results of Krätschmer et al. (2014) it follows that u is ψ-weakly continuous for ψ(x) := Ψ(|x|), and hence we immediately have b). If instead Ψ does not satisfy the ∆ 2 condition, then we consider the gauge function
.
Let ξ n ψ → ξ. From Skorohod's representation, it is possible to assume that ξ n → ξ a.s. and E[ψ(|ξ n |)] → E[ψ(|ξ|)].
(6) ?conv?
By the continuity of ψ, it follows that ψ(|ξ n |) → ψ(|ξ|) a.s., and since ψ(|ξ n |) ≥ 0 a.s. and E[ψ(|ξ n |)] → E[ψ(|ξ|)], from Scheffé's lemma it follows that ψ(|ξ n |) L 1 → ψ(|ξ|), so in particular the family ψ(|ξ n |) is uniformly integrable. Hence for all ε > 0 there exists C > 0 such that for all n ε ≥ E[ψ(|ξ n |)½ {ψ(|ξn|)≥C} ], and since ψ(x) ≥ λ k Ψ(k|x|) we have that
which yields the uniform integrability of the family Ψ(k|ξ n |). The family Ψ(k|ξ n − ξ|) is also uniformly integrable since Ψ(|x − y|) ≤ Ψ(2|x|) + Ψ(2|y|). Hence, under (6), it holds that E[Ψ(k|ξ n − ξ|)] → 0, for each k > 0, which in turn implies ξ n − ξ Ψ → 0 (see for example Proposition 2.1.10 in Edgar and Sucheston (1992) ). The thesis follows then from the Young inequality since
Let us now consider the more general case in which u has a dual representation
From the WC property the sets S k := {Q ∈ P | c(Q) ≤ k} are compact in the σ(L 1 , L ∞ ) topology, for each k ≥ 0. Let
S 0 is relatively sequentially compact in the σ(L 1 , L ∞ ) topology, since for any sequence Q n ∈ S 0 there are two alternatives: either Q n definitely belongs to some S k , or for some subsequence c(Q n j ) → +∞. In both cases, the sequence Q n has a σ(L 1 , L ∞ ) convergent subsequence. Denoting with S the solid closed convex hull of S 0 , it follows that S is compact in the σ(L 1 , L ∞ ) topology and hence uniformly integrable. Let E S is a Banach space with the Luxemburg norm
Since S is uniformly integrable, from the de la Vallée-Poussin's criterion there exists a Young function Φ with Φ(x)
where we can assume Φ ∈ ∆ 2 , so L Φ = H Φ . Passing to the duals we get
where Ψ is the convex conjugate of Φ. The dual norm on (E S ) * is given by
and since ξ u ≤ 1 ⇐⇒ u(−|ξ|) ≥ −1, it follows that u is finite on (E S ) * and hence also on the Orlicz heart H Ψ ⊆ L Ψ . The proof then proceed as in the coherent case.
To prove that b) ⇒ c), let u beΨ-weak continuous and let x, y ∈ R with x < y. Then
so fromΨ-weak continuity it follows that
To prove that c) ⇒ a), we assume by contradiction that u does not have the WC property. From Proposition 2.4 we know that the condition C fails for some (k,ā), withk < 0 andā > 0. Since from Proposition 2.1 the mapping λ → u(λδk + (1 − λ)δā)) is continuous for λ ∈ (0, 1], it must hold that lim λ→0 + u(λδk + (1 − λ)δā)) < 0 <ā, giving a contradiction with c).
We notice that as a consequence of the Fatou property, it always holds that F n ∈ N , supp(F n ) ⊆ K for some compact K and F n → F weakly implies that F ∈ N . From the preceding theorem it follows that if u has the WC property, then the acceptance set N is ψ-weakly closed for some gauge function ψ.
Monetary concave utility functions with CxLS
From now on we assume that the monetary concave law determined utility u : L ∞ → R has the property of convex level sets at the level of distributions (CxLS), that is
We recall that N = {Law(ξ) | u(ξ) ≥ 0} is the acceptance set of u at the level of distributions. We have the following: u(η) ≥ 0, that gives the convexity of N with respect to mixtures. A similar argument applies to N c . b) From Proposition 2.4, it follows that there exists k 0 < 0, a 0 > 0 and α 0 ∈ (0, 1) such that u(α 0 δ k 0 +(1−α 0 )δ a 0 ) ≥ 0. We have to prove that for each a > 0, there exists a suitable α ∈ (0, 1) such that u(αδ k 0 + (1 − α)δa) ≥ 0. If a ≥ a 0 , then by monotonicity α = α 0 satisfies the thesis. Let then 0 < a < a 0 . Note first that since u(α 0 δ k 0 + (1 − α 0 )δ a 0 ) ≥ 0 and u(0) = 0, from CxLS and a) it follows that for each λ ∈ (0, 1)
it follows that
which implies that u(λα 0 δ k 0 + (1 − λα 0 )δ a ) ≥ 0.
Remark. Without the hypothesis of CxLS item b) is false, as can be seen by considering u(ξ) = 3 4 ess inf(ξ) + 1 4 E[ξ] and k 0 = −a. Lemma 3.1 shows that when u(ξ) = ess inf(ξ), the quantity
is well defined, and Proposition 2.4 shows that K = −∞ if and only if u has the WC property.
Lemma 3.2. Let K as in (7), and let k ∈ (K, 0) and a > 0. Then it holds that α(k, a) is nondecreasing with respect to k and a, and u(α(k, a)δ k + (1 − α(k, a) )δ a ) = 0.
Proof. The first part of the thesis and the last equality follow from Proposition 2.1. By the assumption k ∈ (K, 0) it follows that 0 < α(k, a) < 1. From the monotonicity of u we have
which yields the monotonicity of α(k, a).
We now parallel the construction of Weber (2006) , including also the case K > −∞. We begin by defining ϕ : (K, +∞) → R as in Weber (2006) . We set ϕ(0) = 0. For k ∈ (K, 0), we define ϕ(k) implicitly by means of ϕ(k)α(k, 1) + (1 − α(k, 1)) = 0, hence
which is nondecreasing in k, by Lemma 3.2. For a > 0, we fix a reference point k 0 ∈ (K, 0) and define ϕ(a) implicitly by means of which is also nondecreasing in a, since ϕ(k 0 ) < 0. It can be easily checked that ϕ(1) = 1, independently on the choice of the reference point k 0 . Thus the affine functional L ϕ : M 1,c → R given by L ϕ (µ) = ϕ dµ with ϕ defined in (9) and (10) vanishes whenever µ = α(k 0 , a)δ k 0 + (1 − α(k 0 , a))δ a or µ = α(k, 1)δ k + (1 − α(k, 1))δ 1 . In the following lemma we prove that L ϕ vanishes also on all dyadic variables of the more general form µ = α(k, a)δ k + (1 − α(k, a) )δ a , with α(k, a) defined in (8).
Lemma 3.3. Let K be as in (7), α(k, a) as in (8) and ϕ as in (9) and (10). Let k ∈ (K, 0) and a > 0. Then α(k, a)ϕ(k) + (1 − α(k, a))ϕ(a) = 0.
Proof. If k = k 0 or if a = 1 the thesis is immediate from (9) and (10), so we assume that k = k 0 and a = 1. Let
and let Φ : ∆ → M 1,c (R) be defined by
Φ is an affine bijective mapping of ∆ onto the finite dimensional face of M 1,c given by the measures with support in k 0 , k, 1, a. Let
From Lemma 3.1 it follows that D and C are convex, D is closed and C is relatively open in ∆. We consider the following points in ∆:
x 1 := (1 − α(k 0 , 1), 0, 0) x 2 := (0, 1 − α(k 0 , a), 0) x 3 := (1 − α(k, 1), 0, α(k, 1)) x 4 := (0, 1 − α(k, a), α(k, a)).
By (8), it follows that x i ∈ D and each x i is in the relative closure of C with respect to ∆. Our aim is to show that x 4 is an affine combination of x 1 , x 2 , x 3 . Since by definition ϕ d Φ(x i ) = 0 for i = 1, . . . , 3, this would imply that ϕ dΦ(x 4 ) = 0, which is the thesis. In order to show that x 4 is an affine combination of x 1 , x 2 , x 3 , we apply the separation theorem to the convex and disjoint sets D and C. There exists a nontrivial linear f : R 3 → R and s ∈ R such that f (x) ≤ s on C and f (x) ≥ s on D. Since (0, 0, 0) ∈ C and f (0, 0, 0) = 0, it follows that s ≥ 0. If s = 0, we would get f (x i ) = 0 for i = 1, . . . , 3 since x i is in the relative closure of C, which in turn would imply that f = 0, which is a contradiction; hence s > 0. Thus the points x 1 , x 2 , x 3 , x 4 lie on the nontrivial hyperplane f (x) = s; from the linear independence of x 1 , x 2 , x 3 it follows that x 4 is an affine combination of x 1 , x 2 , x 3 .
Corollary. Let K be as in (7) and ϕ as in (9) and (10). Let k, k 0 ∈ (K, 0) and a > 0. If ξ is supported by k, k 0 , 1, a, then u(ξ) < 0 if and only if E[ϕ(ξ)] < 0.
Lemma 3.4. Let K be as in (7) and ϕ as in (9) and (10). Let ξ be supported by finitely many points, all greater than K. Then u(ξ) < 0 if and only if E[ϕ(ξ)] < 0.
Proof. Let k 0 , k 1 , . . . , k N < 0 ≤ a 1 , . . . , a M be distinct points. Similar to the proof of Lemma 3.3, we define
As in the proof of Lemma 3.3, D and C are convex, D is closed and C is relatively open in ∆. By the separation theorem, reasoning as in the proof of Lemma 3.3, there is an affine functional g : ∆ → R such that g(x) < 0 for x ∈ C and g(x) ≥ 0 for x ∈ D. Let G := {x | g(x) = 0}. Then G ∩ ∆ is compact and convex and its extremal points lie on the edges of ∆. Let us denote with k i and a i the corners of ∆ corresponding respectively to δ k i and δ a i . There are four type of edges:
Analyzing the different possibilities, it follows that the extremal points of G ∩ ∆ corresponds to δ 0 or to dyadic variables of the form α(k, a)δ k + (1 − α)(k, a)δ a , with α(k, a) given by (8). It follows that ϕ dΦ(x) = 0 for all extremal points of G ∩ ∆, and hence ϕ dΦ(x) = 0 for each x ∈ G ∩ ∆. Let F = {x ∈ R N +M +1 | ϕ dΦ(x) = 0, N +M i=0 x i = 1}. F and G are affine spaces of dimension N + M − 1 and G ⊂ F , so that G = F . Hence x ∈ C ⇐⇒ g(x) < 0 ⇐⇒ ϕ dΦ(x) < 0, which gives the thesis.
Lemma 3.5. The function ϕ : (K, +∞) → R is concave on (K, 0) and on [0, +∞) and right continuous.
Proof. Take k 1 , k 2 < 0 and let α 1 := α(k 1 , 1) and α 2 := α(k 2 , 1), so that
From CxLS, for each γ ∈ (0, 1), it holds that
hence the isotonicity of u with respect to the concave order implies
and from Lemma 3.4 we get
A similar argument can be used to establish concavity on [0, +∞). Let a n ↓ 0 and let α n := α(k 0 , a n ), with α given by (8). From the monotonicity of α, the sequence α n is nonincreasing; we denote with α 0 its limit. Let B αn ∈ F with P(B αn ) = α n , and let ξ n = k 0 ½ Bα n + a n ½ B c αn . Then ξ n P → ξ, with ξ = k 0 ½ Bα 0 , and from the Fatou property u(ξ) ≥ lim sup u(ξ n ) ≥ 0, since ξ n ∈ A. Hence E P [ξ] = k 0 P[B α 0 ] ≥ u(ξ) ≥ 0, which gives α 0 = 0. Since ϕ(a n ) = −αnϕ(k 0 ) 1−αn , it follows that ϕ(a n ) → 0 when a n → 0.
From now on we define
Lemma 3.6. If ξ ≥ K a.s., then u(ξ) < 0 if and only if E[ϕ(ξ)] < 0.
Proof. Let ξ n > K, ξ n finitely supported, with ξ n ↓ ξ and ξ n − ξ ∞ → 0. Then
where the second equivalence follows from Lemma 3.4 and the last equivalence from the right continuity of ϕ in 0.
Lemma 3.7. ϕ is concave on (K, +∞) and hence continuous on (K, +∞).
Proof. The proof proceeds along the lines of Lemma 3.5, using Lemma 3.6 instead of Lemma 3.4 to have the stronger thesis.
We can finally prove the announced characterization: It is easy to see that mixture continuity for λ → 0 + fails, so from Proposition 2.5 the WC property does not hold. Indeed the penalty function c is given by c(Q) = 1 − ess inf dQ dP and does not have σ(L 1 , L ∞ ) compact lower level sets, since c(Q) ≤ 1.
it follows that u(E[ξ|G]) ≥ u(ξ). Finally, for a general G and for a fixed ξ ∈ L ∞ , it is always possible to construct a sequence of finitely generated G n such that Proof. Let 0 < ε < 1, ε ≤ x < y ≤ 1 − ε, and z = y + ε. Then z ≤ 1 and y = (1 − λ)z + λx, with λ = ε ε + y − x .
Hence φ i (y) ≤ (1 − λ)φ i (z) + λφ i (x), that gives
It follows that the family {φ i (x) + c i } i is equi-Lipschitz on [ε, 1 − ε], which implies that also φ(x) = sup i φ i (x) + c i is Lipschitz on [ε, 1 − ε]; letting ε → 0 gives the thesis.
